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Abstract. Let M be a closed orientable 3-manifold of Heegaard genus
two with a non-trivial JSJ-decomposition and G be a finite group of
orientation-preserving diffeomorphisms acting on M which preserves
each handlebody of Heegaard splitting and each piece of the JSJ-decomposition
of M . Let (V1, V2;F ) be the Heegaard splitting and ∪Ti be the union of
the JSJ-tori. In this article, we prove that G ∼= Z2 or D2 if all compo-
nents of Vj ∩ (∪Ti) are not ∂-parallel in Vj for j = 1, 2 unless Vj ∩ (∪Ti)
has three or more disk components for j = 1 or 2.
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1. Introduction
LetM be a closed orientable 3-manifold of Heegaard genus two with a non-
trivial JSJ-decomposition and G be a finite group of orientation-preserving
diffeomorphisms acting on M which preserves each handlebody of Heegaard
splitting and each piece of the JSJ-decomposition of M . Let (V1, V2;F ) be
the Heegaard splitting and ∪Ti be the union of the JSJ-tori.
In [1], there are two conditions “Condition A” and “Condition B” for the
Heegaard splitting and the JSJ-tori, where each determines G to be Z2 or
D2 up to isomorphism. But these two conditions have strong restrictions -
V1∩(∪Ti) must consist of at most two disks or annuli. How can we generalize
these conditions?
In this article, we will determine the possible isomorphism types of G by
the following theorem.
Theorem 1.1 (the Main theorem). Let M be a closed orientable 3-manifold
with a genus two Heegaard splitting (V1, V2;F ) and a non-trivial JSJ-decomposition,
where all components of the intersection of the JSJ-tori and Vi are not ∂-
parallel in Vi for i = 1, 2. If G is a finite group of orientation-preserving
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smooth actions on M which preserves each handlebody of the Heegaard split-
ting and each piece of the JSJ-decomposition of M , then G ∼= Z2 or D2 unless
Vj ∩ (∪Ti) has three or more disk components for j = 1 or 2.
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2. Proof of the Main Theorem
We define two conditions for the Heegaard splitting and the JSJ-tori as
follows.
(A). V1 ∩ (∪Ti) consists of disks, and the number of disks is at most two,
(B). V1 ∩ (∪Ti) consists of annuli, and the number of annuli is at most two,
where we assume that each component of V1 ∩ (∪Ti) is not ∂-parallel
in V1.
Let us call the first Condition A and the second Condition B (see section 1
of [1] for more details.)
In [1], we get the result under Condition A or Condition B.
Proposition 2.1. ([1], Theorem 1.1) Let M be a closed orientable 3-manifold
with a genus two Heegaard splitting (V1, V2;F ) and a non-trivial JSJ-decomposition,
where all components of the intersection of the JSJ-tori and Vi are not ∂-
parallel in Vi for i = 1, 2. If G is a finite group of orientation-preserving
diffeomorphisms acting on M which preserves each handlebody of the Hee-
gaard splitting and each piece of the JSJ-decomposition of M , then G ∼= Z2
or D2 if Vj ∩ (∪Ti) consists of at most two disks or at most two annuli.
So now we assume that the Heegaard splitting and the JSJ-tori satisfy
neither Condition A nor Condition B.
Here we introduce some geometric lemmas for the proof of the Main
theorem.
Lemma 2.2. ([1], Lemma 2.8) Let G be a finite group of non-trivial ori-
entation preserving diffeomorphisms which acts on a genus two handlebody
V . Suppose that S is a set of properly embedded surfaces in V where S cuts
V into two solid tori V1, V3 and a 3-ball V2. If G preserves each Vi for
i = 1, 2, 3, or G preserves V2 but exchanges V1 and V3, then G ∼= Z2 or D2.
Lemma 2.3. ([1], Lemma 2.9) Let G be a finite group of non-trivial orien-
tation preserving diffeomorphisms which acts on a genus two handlebody V .
Suppose that S is a set of properly embedded surfaces in V where S cuts V
into a 3-ball V1 and a solid torus V2. If G preserves both V1 and V2, then
G ∼= Z2 or D2.
Lemma 2.4. ([1], Lemma 2.11) Let G be a finite group of non-trivial ori-
entation preserving diffeomorphisms which acts on a genus two handlebody
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V . Suppose that S is a set of properly embedded surfaces in V where S
cuts V into two connected components V1 and V2, where both V1 and V2 are
noncontractible in V , and V1 or V2 contains a meridian disk of V . If G
preserves both V1 and V2, then G ∼= Z2 or D2.
Lemma 2.5. ([1], Lemma 2.12) Let G be a finite group of non-trivial ori-
entation preserving diffeomorphisms which acts on a genus two handlebody
V . Suppose that S is a set of properly embedded surfaces in V where S cuts
V into two solid tori V1 and V3, and a genus two handlebody V2, where
(1) V ′ = V1 ∪ V2 is a genus two handlebody,
(2) both V1 and V2 are non-contractible in V ′ and V , and
(3) there is a meridian disk D in V such that D ∩ V1 = ∅ and D ∩ V2 is
a non-empty set of meridian disks of V ′.
If G preserves Vi for i = 1, 2, 3, then G ∼= Z2 or D2. If G preserves V2 and
exchanges V1 and V3, then G ∼= Z2 or D2.
Lemma 2.6. ([2], Lemma 3.2) If A is an essential annulus in a genus two
handlebody V then either
(i) A cuts V into a solid torus V1 and a genus two handlebody V2 and
there is a complete system of meridian disks {D1, D2} of V2 such that
D1∩A = ∅ and D2∩A is an essential arc of A (see the upper of Figure
1,) or
(ii) A cuts V into a genus two handlebody V ′ and there is a complete system
of meridian disks {D1, D2} of V ′ such that D1 ∩A is an essential arc
of A (see the lower of Figure 1.)
In particular, if two essential annuli A1 and A2 are parallel in a genus two
handlebody V1, then we get Figure 2.
Lemma 2.7. ([2], Lemma 3.4) Let {A1, A2} be a system of mutually dis-
joint, non-parallel, essential annuli in a genus two handlebody V . Then
either
(i) A1 ∪ A2 cuts V into a solid torus V1 and a genus two handlebody V2.
Then A1 ∪ A2 ⊂ ∂V1, A1 ∪ A2 ⊂ ∂V2 and there is a complete system
of meridian disks {D1, D2} of V2 such that Di ∩ Aj = ∅ (i 6= j) and
Di ∩Ai (i = 1, 2) is an essential arc of Ai,
(ii) A1 ∪A2 cuts V into two solid tori V1, V2 and a genus two handlebody
V3. Then A1 ⊂ ∂V1, A2 ⊂ ∂V2, A1 ∪A2 ⊂ ∂V3 and there is a complete
system of meridian disks {D1, D2} of V3 such that Di ∩Aj = ∅ (i 6= j)
and Di ∩Ai (i = 1, 2) is an essential arc of Ai or
(iii) A1 ∪ A2 cuts V into a solid torus V1 and a genus two handlebody V2.
Then Ai ⊂ ∂V1 (i = 1 or 2, say 1), A2∩V1 = ∅, A1 ⊂ ∂V2 and there is
a complete system of meridian disks {D1, D2} of V2 such that D1 ∩A2
is an essential arc of A2 and D2 ∩ Ai (i = 1, 2) is an essential arc of
Ai, see Figure 3.
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Figure 1. Two possible positions of an essential annulus in
a genus two handlebody. [2]
Since a JSJ-torus is incompressible in M , all components of V1 ∩ (∪Ti)
are incompressible in V1. So we will assume the incompressibility of all
components of V1 ∩ (∪Ti) in V1. By the assumption of Theorem 1.1, we
assume that all components of V1 ∩ (∪Ti) are not ∂-parallel in V1.
At first, we will prove that G ∼= Z2 or D2 if V1 ∩ (∪Ti) contains at most
two disk components by Lemma 2.8 and Lemma 2.9.
Lemma 2.8. If V1 ∩ (∪Ti) has only one disk component D, then G ∼= Z2 or
D2.
Proof. Since G preserves V1 ∩ (∪Ti) and there is only one disk component
D in V1 ∩ (∪Ti), G must preserve D. So G also preserves a small product
neighborhood of D in V1, say N(D) ∼= D2× I, where N(D)∩∂V1 = ∂D2× I
and N(D) meets no component of V1 ∩ (∪Ti) other than D. Say that D1 =
D2 × {0} and D2 = D2 × {1}. Then {D1, D2} cuts V1 into a 3-ball B and
a solid torus (when D1 is non-separating in V1,) or into a 3-ball B and two
solid tori (when D1 is separating in V1.) Since G preserves {D1, D2} and B
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Figure 2. A1 and A2 are parallel in V1.
is the only 3-ball component of V1 − {D1, D2}, G preserves B. So G ∼= Z2
or D2 by Lemma 2.3 or Lemma 2.2. 
Lemma 2.9. If V1 ∩ (∪Ti) consists of at least three components and has
exactly two disk components D1 and D2, then G ∼= Z2 or D2.
Proof. We divide the proof into two cases.
Case 1. D1 and D2 are parallel in V1.
Since D1 and D2 are the only disk components in V1 ∩ (∪Ti), G must
preserve {D1, D2} in V1. So G preserves V1 − {D1, D2}. Since the 3-ball B
between D1 and D2 is the only 3-ball component of V1 − {D1, D2} (see D1
and D2 in the proof of Lemma 2.8), G preserves B. So G ∼= Z2 or D2 using
the arguments in the proof of Lemma 2.8.
Case 2. D1 and D2 are non-parallel in V1.
If one of D1 and D2, say D1, is separating in V1, then D2 is non-separating
in V1. So {D1, D2} cuts V1 into a 3-ball V 11 and a solid torus V 21 . Since G
preserves {D1, D2}, G also preserves V1 − {D1, D2} = V 11 ∪ V 21 . But V 11 is
not homeomorphic to V 21 , G must preserves both V
1
1 and V
2
1 . So G ∼= Z2 or
D2 by Lemma 2.3.
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Figure 3. The possibilities of two mutually disjoint non-
parallel essential annuli in the genus two handlebody. [2]
If both of D1 and D2 are non-separating in V1, then {D1, D2} cuts V1 into
a 3-ball B. Let D1i and D
2
i be two copies of Di for i = 1, 2 in ∂B after cutting
V1 along D1 and D2, and S be a non-disk component of V1 ∩ (∪Ti). Since
any properly embedded incompressible surface in B3 must be ∂-parallel, S
is ∂-parallel in B. Moreover, no curve of ∂S is parallel to some ∂Dji for
FINITE GROUP ACTIONS ON HAKEN MANIFOLDS 7
1
1D∂
2
1D∂
1
2D∂
2
2D∂
j
iji DV 2,1,1 =∪−∂
S∂
A
Figure 4. S is ∂-parallel to an annulus in ∂V1.
1 ≤ i, j ≤ 2 (S is incompressible in V1 and does not intersect both D1 and
D2.) Let B′ be ∂B −∪i=1,2Dji . Then B′ is a disk with three holes. So each
curve of ∂S must separate each two of {∂Dji }i=1,2. In addition, the curves
of ∂S must be pairwise parallel in B′ after one of them is determined (see
Figure 4.) Since S is a non-disk connected surface and all curves in ∂S are
pairwise parallel in B′, ∂S must consist of two curves. So S is ∂-parallel to
an annulus A ⊂ B′ in B, where A is bounded by these two curves, i.e. S is
∂-parallel in V1. But this contradicts the hypothesis. 
Now we assume that V1 ∩ (∪Ti) consists of non-disk components. We will
prove that G ∼= Z2 or D2 if V1 ∩ (∪Ti) contains a non-annuls component.
Lemma 2.10. Suppose that V1 ∩ (∪Ti) consists of non-disk components. If
V1∩(∪Ti) has a non-annulus component, then G ∼= Z2 or D2 unless V2∩(∪Ti)
has three or more disk components.
Proof. Let S be a non-annulus component of V1 ∩ (∪Ti), T1 be a JSJ-torus
which contains S. Then S is a disk with n holes (n ≥ 2) or a torus with m
holes (m ≥ 1) since S ⊂ T1.
Claim. T1 − ∂V1 must contain at least one disk component.
Proof of Claim. T1 − S has at least one disk component D. If we choose an
innermost disk of D − ∂V1, then the proof ends.
So V2 ∩ (∪Ti) contains at least one disk component by the above claim.
Since G also preserves V2, if we substitute V2 for V1, then we get G ∼= Z2 or
D2 by Lemma 2.8 or Lemma 2.9 unless V2 ∩ (∪Ti) has three or more disk
components. 
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Figure 5. {A1, A2, A3} cuts V1 into a genus two handlebody
and two solid tori.
Now we remains only the cases when V1 ∩ (∪Ti) consists of annuli. Since
we already proved the cases when V1∩ (∪Ti) consists of at most two annulus
components in “Condition B”, it is sufficient to prove the cases V1 ∩ (∪Ti)
consists of at least three annulus components.
At first, we will prove V1 ∩ (∪Ti) consists of pairwise non-parallel annuli.
T. Kobayashi proved that there is a concrete way to express the sys-
tem of pairwise disjoint, non-parallel three essential annuli in the genus two
handlebody by the following lemma.
Lemma 2.11. ([2], Lemma 3.5) Let {A1, A2, A3} be a system of pairwise
disjoint, non-parallel essential annuli in the genus two handlebody V1. Then
A1 ∪A2 ∪A3 cuts V1 into two solid tori V 11 , V 21 and a genus two handlebody
V 31 which satisfies
(1) Ai ⊂ ∂V 11 (i = 1, 2 or 3, say 3), A1, A2 ⊂ ∂V 31 , A1, A2, A3 ⊂ ∂V 21 ,
(2) there is a complete system of meridian disks {D1, D2} of V 31 such
that Di ∩Aj = ∅ (i 6= j) and Di ∩Ai (i = 1, 2) is an essential arc of
Ai and
(3) there is a meridian disk D3 of V 21 such that D3 ∩ Ai (i = 1, 2, 3) is
an essential arc of Ai.
See Figure 5.
Lemma 2.12. If V1 ∩ (∪Ti) consists of three or more pairwise non-parallel
annulus components, then G ∼= Z2 or D2.
Proof. At first, we introduce the following claim.
Claim. There is no system of properly embedded, pairwise disjoint, non-
parallel essential four or more annuli in the genus two handlebody V1.
Proof of Claim. Suppose that there is a system of pairwise disjoint, non-
parallel essential four annuli in a genus two handlebody, say {A1, A2, A3, A4}.
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{A1, A2, A3} cuts V1 into a genus two handlebody V 31 and two solid tori V 11
and V 21 as Lemma 2.11. We know that any properly embedded incompress-
ible annulus in a solid torus must be ∂-parallel in the solid torus from Lemma
3.1 of [2]. If A4 is embedded in V 11 or V
2
1 , then A4 must be ∂-parallel in V
1
1
or V 21 . But A4 cannot be parallel into any one of A1, A2 and A3, A4 must
be ∂-parallel to a subset of ∂V 11 − int(A3) or ∂V 21 − int(A1 ∪A2 ∪A3) (∂A4
is in ∂V 11 or ∂V
2
1 .) So A4 is ∂-parallel in V1, this is a contradiction. So A4
is embedded in V 31 . Moreover, A4 must be satisfy (i) of Lemma 2.6 in V
3
1
(A4 must be properly embedded not only in V 31 , but also in V1, see Figure 1
and Figure 5.) Say that {A1, A2} bounds V 31 . Then A4 must be parallel to
A1 or A2 in V 31 . (A4 is properly embedded not only in V
3
1 , but also in V1,
too. See Figure 5.) So we get a contradiction.
So we assume that V1∩(∪Ti) consists of exactly three, non-parallel annuli
A1, A2 and A3. Use the same notations of A1, A2, A3, V 11 , V
2
1 and V
3
1 as
Lemma 2.11. Since V 31 is the only genus two handlebody among V
1
1 , V
2
1 and
V 31 , G preserves V
3
1 , i.e. G preserves {A1, A2}. So G also preserves V 21 (so
also preserves V 11 .) Let V
′ be V 31 ∪ V 21 . Then V ′ is a genus two handlebody
and V1 = V ′ ∪A3 V 11 . Since G preserves V ′ and V 11 , we get G ∼= Z2 or D2 by
Lemma 2.4. 
Now we only need to prove the following lemma.
Lemma 2.13. If V1 ∩ (∪Ti) consists of at least three annulus components
and some annuli A1 and A2 are parallel in V1, then G ∼= Z2 or D2.
Proof. By Lemma 2.6, {A1, A2} cuts V1 into a solid torus and a genus two
handlebody (if A1 is non-separating in V1) or two solid tori and a genus two
handlebody (if A1 is separating in V1 ) as Figure 2.
If some component of V1 ∩ (∪Ti) except A1 and A2 intersects the solid
torus bounded by A1 and A2, then it must be parallel to A1 (also to A2)
in V1. So if we choose nearest parallel annuli for A1 and A2, then we can
assume that no component of V1 ∩ (∪Ti) except A1 and A2 intersects the
solid torus bounded by A1 and A2. If G preserves the solid torus between
A1 and A2, then we get G ∼= Z2 or D2 using the same arguments in Case
3 of section 6 in [1]. So now we assume that G does not preserve the solid
torus between A1 and A2. Since there is no system of properly embedded,
pairwise disjoint, non-parallel essential four or more annuli in a genus two
handlebody from Claim of Lemma 2.12, we can divide the proof into three
cases as follows.
Case 1. V1 ∩ (∪Ti) consists of annuli parallel to A1. If the number
of components of V1 ∩ (∪Ti) is n, then V1 ∩ (∪Ti) cuts V1 into a genus
two handlebody V 11 and n − 1 solid tori (if A1 is non-separating, see (ii)
of Lemma 2.6.) or into a genus two handlebody V 11 and n solid tori (if
A1 is separating, see (i) of Lemma 2.6.) In any case, the only genus two
handlebody component V 11 of V1 − (∪Ti) is preserved by G. In the former
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case, the big solid torus V1 − V 11 must be preserved by G, so we get G ∼= Z2
or D2 by Lemma 2.4. In the latter case, each of adjacently attached n − 1
solid tori among n solid tori meets two annuli of V1∩ (∪Ti) in its closure and
the last solid torus V 31 meets only one annulus of V1 ∩ (∪Ti) in its closure
(the naming of V 31 is the same as (i) of Figure 2.) Therefore, V
3
1 must be
preserved by G, i.e. the big solid torus V˜ = V1−(V 11 ∪V 31 ) must be preserved
by G. Since V ′ = V 11 ∪ V˜ is a genus two handlebody, we get G ∼= Z2 or D2
by Lemma 2.4 (in (i) of Figure2, we can say that the big solid torus V˜ is
V 21 .)
Case 2. The parallel class of V1 ∩ (∪Ti) in V1 consists of two elements.
Let the elements of the class be [A′] and [A′′]. Then {A′, A′′} satisfies one
of three conclusions of Lemma 2.7.
If {A′, A′′} satisfies (i) or (ii) of Lemma 2.7, then we can choose a genus
two handlebody component V¯1 in V1 − (∪Ti) which meets only two annuli
of V1 ∩ (∪Ti) in its closure. Moreover, the other components of V1 − (∪Ti)
are all solid tori. So G preserves V¯1, and G also preserves the big solid torus
V1 − V¯1 if {A′, A′′} satisfies (i) of Lemma 2.7 or the set of two big solid tori
V1− V¯1 if {A′, A′′} satisfies (ii) of Lemma 2.7. So we get G ∼= Z2 or D2 using
Lemma 2.4 or Lemma 2.5.
If {A′, A′′} satisfies (iii) of Lemma 2.7, then V1− (∪Ti) consists of a genus
two handlebody and three or more solid tori (one of the solid tori, say V˜1
is directly induced by (iii) of Figure 3, and the others are induced from the
orbit of the solid torus between A1 and A2 by G.) Since V˜1 is the only solid
torus component of V1 − (∪Ti) which meets only one annulus of V1 ∩ (∪Ti)
in its closure, say A, and each of the other solid tori meets two annuli of
V1 ∩ (∪Ti) in its closure, G preserves V˜1. Since V ′ = V1 − V˜1 is a genus two
handlebody and preserved by G, we get G ∼= Z2 or D2 by Lemma 2.4 by the
decomposition V1 = V ′ ∪A V˜1.
Case 3. The parallel class of V1 ∩ (∪Ti) consists of three elements. Then
V1∩ (∪Ti) cuts V1 into a genus two handlebody V¯ 31 and solid tori (see Figure
5.) In particular, there is only one solid torus component of V1−(∪Ti) which
meets only one annulus of V1 ∩ (∪Ti) as V 11 of Figure 5. Let this solid torus
be V 11 , then V
1
1 is preserved by G. Since the only genus two handlebody
component, say V 31 , is also preserved by G, G preserves the big solid torus
V1−(V 11 ∪V 31 ). So we get G ∼= Z2 or D2 using the same arguments in Lemma
2.12. 
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